In the present paper, we use variational methods to prove two existence results of nontrivial solutions for the Schrödinger-Kirchhoff-type problem
Introduction and main results
In this paper, we consider the Schrödinger-Kirchhoff-type problem
where constants a > , b ≥ , N = ,  or , V ∈ C(R N , R) and f ∈ C(R N × R, R). We are concerned with the existence of nontrivial solutions of (.), corresponding to the critical points of the energy functional On the other hand, the Kirchhoff-type problem on a bounded domain ⊂ R N ,
is related to the stationary analogue of the Kirchhoff equation 
where α is a constant and meas denotes the
with the inner product and the norm
Since inf V (x) ≥ α > , it is easy to see that the Hilbert space E is continuously embedded in H  (R N ). By the Sobolev embedding theorem, we know the embedding
, if N ≥ , and  * = +∞, if N = , , is also continuous, and there is a con-
where
is compact for each  ≤ s <  * due to the assumption (V). In fact, if N = , it follows from Lemma . in [] . If N = , , we also claim that the compactness of the embedding is valid for  * = +∞. Indeed, let {u n } ⊂ E be a sequence of E such that u n u weakly in E. Similarly to the proof of Lemma . in [], up to a subsequence, we can obtain
In fact, ∀s ∈ (, +∞), there are t ∈ (s, +∞) and θ ∈ (, ) such that
Then, by the Hölder inequality,
Since the embedding
Therefore, the compactness result holds for
Throughout this paper, we shall always assume
we make the following assumptions:
We consider the subcritical case in the present paper, (f  ) and (f  ) with l < +∞ characterize the asymptotic behavior of f at zero and infinity. The condition (f  ) with l = +∞ implies lim |t|→+∞ t  = +∞, and hence (f  ) with l < +∞ does not ensure the condition (AR). Furthermore, our condition (f  ) with l ≡ +∞ is much weaker than the condition (AR). It is important to show that there are many functions satisfying the conditions (f  )-(f  ) with l ∈ (b  , +∞) or l = +∞, where
But the condition (AR) is not satisfied.
Then it is easy to verify that f (x, t) satisfies (f  )-(f  ) with l ≡ M, but does not satisfy the condition (AR).
Then it is easy to verify that f (x, t) satisfies (f  )-(f  ) with l = +∞, but does not satisfy the condition (AR).
Our main results are stated as the following theorems. 
|t|  is nondecreasing with respect to t.
Then the conclusions of Theorem . and Theorem . hold.
The preliminary lemmas
Then the condition (f  ) implies I ∈ C  (E, R),
for all u, v ∈ E, and the weak solutions of problem (.) correspond to the critical points of energy functional I.
Recall that we say that I satisfies the (PS) condition at the level c ∈ R ((PS) c condition for short) if any sequence {u n } ⊂ E along with I(u n ) → c and I (u n ) →  as n → ∞ possesses a convergent subsequence. If I satisfies the (PS) c condition for each c ∈ R, then we say that I satisfies the (PS) condition.
For the proof of our main results, we will make use of the following lemmas.
Lemma . >  defined by (.) achieves by some ϕ ∈ E with R N
Proof By the Sobolev embedding theorem, one has > . In order to prove that the infimum is achieved, we consider a minimizing sequence {u n } ⊂ E such that
By the embedding E → L s (R N ) is compact for each  ≤ s <  * , up to a subsequence, we may assume that there is ϕ ∈ E such that
because of the weak lower semicontinuity of ·  E . Furthermore, we may assume that ϕ (x) >  a.e. in R N . Otherwise, we can replace ϕ by |ϕ |.
Lemma . Set Q(u) = R N |∇u|  dx, u ∈ E. Then Q is weakly lower semicontinuous on E.
Proof The proof has been given by Lemma  in []. Next we give another direct method to prove it, which is much easier than Lemma  in [] . Let {u n } ⊂ E and u n u in E. By the embedding E → L  (R N ) is compact and the weak lower semicontinuity of
This shows that Q is weakly lower semicontinuous on E.
Lemma . Let (f  ) hold. Then any (PS) sequence of I is bounded in E. http://www.boundaryvalueproblems.com/content/2013/1/250
Proof Let {u n } ⊂ E be a (PS) sequence with
Hence, for large n, the combination of (.) with (f  ) implies that
Therefore, the conclusion follows from (.) and αγ   < min{a, }.
Proof of main results
Proof of Theorem . To begin with, we prove that there exist ρ, β >  such that I(u) ≥ β for all u ∈ E with u E = ρ, and I(tϕ ) → -∞ as t → +∞. Indeed, for any > , by (f  ), (f  ) and (f  ), there exists C(ε) >  such that
(γ  appears in (.)), by (.) and (.),
Therefore, we can choose small ρ >  such that
Since l > b  , by Fatou's lemma and (f  ), we have
Hence, I(tϕ ) → -∞ as t → +∞. Therefore, we can find large t  >  such that
Now, we prove that I satisfies the (PS) condition. Indeed, if a sequence {u n } ⊂ E is such that
By (.) and a simple computation, we conclude
Define the functional h u : E → R by
Obviously, h u is a linear functional on E. Furthermore,
which implies that h u is bounded on E, where
Moreover, for any ε > , by (f  ), (f  ) and (f  ), there exists C(ε) >  such that
where c  and c  are independent of ε and n. Since u n -u  →  as n → +∞, we conclude Then, by (.), one has
Since p > , there exist constants ρ, β >  such that I(u) ≥ β for all u ∈ E with u E = ρ (see the proof of Theorem .).
is a separable Hilbert space, E has a countable orthogonal
Since all norms are equivalent in a finite dimensional space, there is a constant C  >  such that
, there is a constant C(M) >  such that
Hence, combining (.) and (.), we deduce
for all u ∈ E k . Consequently, there is a point e ∈ E with e E > ρ such that I(e) < . Next, we show that I satisfies the (PS) condition. In fact, let {u n } ⊂ E be a (PS) sequence with
Then, by Lemma ., {u n } is bounded in E. Since the embedding E → L s (R N ) is compact for each s ∈ [,  * ), up to a subsequence, there is u ∈ E such that
Thanks to (.), we have The rest of the proof is the same as the proof of Theorem ., the desired conclusion follows from the mountain pass theorem (Theorem . in [] ). This completes the proof of Theorem ..
